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THE  NATIONAL  BUREAU  OF  STANDARDS 

The  scope  of  activities  of  the  National  Bureau  of  Standards  is  suggested  in  the  following  listing  of 
the  divisions  and  sections  engaged  in  technical  work.  In  general,  each  section  is  engaged  in  special- 
ized research,  development,  and  engineering  in  the  field  indicated  by  its  title.  A brief  description 
of  the  activities,  and  of  the  resultant  reports  and  publications,  appears  on  the  inside  of  the  back 
cover  of  this  report. 

Electricity.  Resistance  Measurements.  Inductance  and  Capacitance.  Electrical  Instruments. 
Magnetic  Measurements.  Applied  Electricity.  Electrochemistry. 

Optics  and  Metrology.  Photometry  and  Colorimetry.  Optical  Instruments.  Photographic 
Technology.  Length.  Gage.;, 

Heat  and  Power.  Temperature  Measurements.  Thermodynamics.  Cryogenics.  Engines  and 
Lubrication.  Engine  Fuels.  Cryogenic  Engineering. 

Atomic  and  Radiation  Physics.  Spectroscopy.  Radiometry.  Mass  Spectrometry.  Solid  State 
Physics.  Electron  Physics.  Atomic  Physics.  Neutron  Measurements.  Infrared  Spectroscopy. 
Nuclear  Physics.  Radioactivity.  X-Rays.  Betatron.  Nucleonic  Instrumentation.  Radio- 
logical Equipment.  Atomic  Energy  Commission  Instruments  Branch. 

Chemistry.  Organic  Coatings.  Surface  Chemistry.  Organic  Chemistry.  Analytical  Chemistry. 
Inorganic  Chemistry.  Electrodeposition.  Gas  Chemistry.  Physical  Chemistry.  Thermo- 
chemistry. Spectrochemistry.  Pure  Substances. 

Mechanics.  Sound.  Mechanical  Instruments.  Aerodynamics.  Engineering  Mechanics.  Hy- 
draulics. Mass.  Capacity,  Density,  and  Fluid  Meters. 

Organic  and  Fibrous  Materials.  Rubber.  Textiles.  Paper.  Leather.  Testing  and  Specifi- 
cations. Polymer  Structure.  Organic  Plastics.  Dental  Research. 

Metallurgy.  Thermal  Metallurgy.  Chemical  Metallurgy.  Mechanical  Metallurgy.  Corrosion. 

Mineral  Products.  Porcelain  and  Pottery.  Glass.  Refractories.  Enameled  Metals.  Con- 
creting Materials.  Constitution  and  Microstructure.  Chemistry  of  Mineral  Products. 

Building  Technology.  Structural  Engineering.  Fire  Protection.  Heating  and  Air  Condition- 
ing. Floor,  Roof,  and  Wall  Coverings.  Codes  and  Specifications. 

Applied  Mathematics.  Numerical  Analysis.  Computation.  Statistical  Engineering.  Machine 
Development. 

Electronics.  Engineering  Electronics.  Electron  Tubes.  Electronic  Computers.  Electronic 
Instrumentation. 

Radio  Propagation.  Upper  Atmosphere  Research.  Ionospheric  Research.  Regular  Propaga- 
tion Services.  Frequency  Utilization  Research.  Tropospheric  Propagation  Research.  High 
Frequency  Standards.  Microwave  Standards. 

Ordnance  Development.  These  three  divisions  are  engaged  in  a broad  program  of  research 

Electromechanical  Ordnance,  and  development  in  advanced  ordnance.  Activities  include 
Electronic  Ordnance.  basic  and  applied  research,  engineering,  pilot  production,  field 

testing,  and  evaluation  of  a wide  variety  of  ordnance  materiel.  Special  skills  and  facilities  of  other 
NBS  divisions  also  contribute  to  this  program.  The  activity  is  sponsored  by  the  Department  of 
Defense. 

Missile  Development.  Missile  research  and  development:  engineering,  dynamics,  intelligence, 
instrumentation,  evaluation.  Combustion  in  jet  engines.  These  activities  are  sponsored  by  the 
Department  of  Defense. 
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The  coefficients  of  certain  infinite  products 


Introduction , The  Identities 

(a)  IT  00  (l-xn)  = I°°(-un  x(3n2+n>/1 2 

» s I H:  - e© 

(b)  TT°°  (I-xn)3  = y °°(-l)n(2n+l)  x(nS+n)/2 

■vr  - t L- 

*i  -.o 

are  classical,  (a)  being  the  so-called  'pentagonal  number  theorem* 
of  Euler,  and  (b)  being  an  identity  of  Jacobi's  veil-known  in  the 
theory  of  elliptic  modular  functions.  It  is  remarkable  that  for 

OQ 

no  other  values  of  r are  the  coefficients  of  TT  (i  -xn)r  known 
explicitly.  It  will  be  the  purpose  of  this  paper  to  give  various 
recursion  formulas  for  these  coefficients,  which  are  consequences  of 
identities  between  functions  on  certain  modular  subgroups.  In 
particular,  the  coefficients  will  be  investigated  thoroughly  for 
r ~ 2,4,6.  A typical  theorem  is  that  every  integer  occurs  as  coef- 
ficient for  r =s  2 . 

1.  Preliminary  identities . In  what  follows  all  sums  will  be  extended 

from  0 to  oo  and  all  products  from  1 to  oo  , unless  otherwise  indicated. 
¥e  denote  the  coefficient  of  xn  in  TT  (l-xn)r  by  Pr(n);  i.e.. 


2 


(1.1)  TT (i-xn)r  = X pr(n)xn  . 

Noting  that  TT  U-xn)r  =TT (i-xn)a  .7T(  l-xn)r”a,  we  obtain  the  identity 

(1.2)  Pr(n)  pr-a(n  -3) 

J=o 

Differentiating  (l.l)  logarithmically,  we  also  obtain 

(1.5)  n PP(n)  = -r  V'a-fa)  Pr(n-j),^(o)  » J . 

*”3*/  d I J 

(1.3)  is  especially  suited  to  numerical  calculation. 

Using  (a),  (b) , and  (1.2),  we  can  obtain  the  following  explicit 

formulas  for  ?2(n),  F^(n),  P,g(n): 

(1A)  Pz  ("O  -JT(-l)x+y 

n = (3x2  ± x)/2  + (3y2  ± y)/2 

(..S')  P,(*0  " 2>DX+y  (2x+l) 

n = (x2+x)/2  + (3y2  ± y)/2 

(1.6)  ('H.)  = V(-l)x+2T  (2x+l)(2y+l) 

n - (x2+x)/2  + (y2+4)/2 

It  is  understood  in  formulas  (1.  4) -(1-6)  that  (x,y)  runs  over 


all  positive  integral  solutions  of  the  defining  equations, 
formulas,  though  complicated,  are.  arithmetically  enlightening  and 
will  he  studied  in ‘detail.  We  set  <x>  = £x  + ij,  so  that  <x  > 
is  the  integer  nearest  to  x.  A little  consideration  shows  that 
we  may  rewrite  formulas  (l  .4)  -(l .6)  as  follows: 

, <(u+v) /6  ) 


(1.7) 


t2(n)  = ^ (-1) 


o c> 
U +V1- 


2yn 


n4»P 


(1.8) 


(1.9) 


P'^(n) 


PgW 


i 


Q(u+3v)/&3 


(-1)  ‘ v 


u2+3v2  ~ 2 An  + 4,  u,  v odd 
I (-1)(U+V)./2  uv 


2 P 

U-hV^  “ u 


It  is  understood  in  formulas  (1.7) -(1.9)  that  (u , v)  runs  over  al 


positive  integral  solutions  of  the  defining  equations . 

ep 

IT  p p 

PlCL 


Let  a 


be  the  canonical  decomposition  of 


If  & 


is  odd  for- some  f « -1(4),  then  the  equation  x +y2  * a has  no 
solutions  in  integers.  If  e.  is  odd  for  some  f g -1(3).  then 


the  equation  x2+3y2  - a has  no  solutions  in  integers  n We  can  say 


therefore : 


( 1 .10)  Let  r = 2,4,6.  Let  -~1  n+1  = TT  P be  the  canonical 


decomposition  of  n+1.  If  is  odd  for  some  f9  g -l(mr),  where 
mr  = 4,3,4  for  r = 2,4,6,  then  Pr(n)  - 0, 

Hence  we  need  only  consider  n such  that  tit  n+1  = Z Qp'",  where 
is  a product  of  primes  = 1 (mr)  and  Qr  is  a product  of  primes 
g -I  (mr) . 

We  note  that  if  f = -1(4),  then  x2+y2  ~ 0(p)  implies  x=y=0(p) , 
and  if  p = -1(3),  then  x2+3y2  = 0(p)  implies  x=y=0(p) . 

Making  use  of  the  above,  we  obtain  the  following  reduction 
formulas: 

o ^ Q2  ( v ) /*o  ^ 

(1.11)  p2(  (^^2  -1)/12)  = Z (-1)  “ 

. __  rQii(u+3v)/6j 

(1.12)  P4(  Q4'  -U/6)  = S,  Z (-1)L 

A -t  Zv'L  - H ^ Lf  , <*)V  T<bct 

(1.1?)  P6(  C ‘A'-U/'O  = %2  p6(  % -l)/1*)- 

In  particular, 

(1.14)  P2((Q2  -1)/12)  = (-1)  n 


P 1 24  /*  + i 


(1.15)  P4UQ4  -l)/6)  = (-1) 

(1.16)  P6((Q62-1)A)  = Q62 


[2Q4/5  ] 


Q, 


A similar  set  of  explicit  formulae  can  be  written  down  when 
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£ is  a prime.  We  note  only  that  if  % is  a prime,  then 

a ^ 


»JL{  J 


< Qo(°<  )/6  ^ 

2((£  Qgc-1)/12)  = 2(-l)  ^ 


where  0 are  the  uniquely  determined  positive  integers  such  that 


?a  =o<  4 


t * 


2 . The  pr In c 1 pal  identities.  We  are  going  to  extend  the  scope  of 
the  previous  identities  by  recursion  formulas  derived  from  iden- 
tities between  modular  functions.  The  following  theorem  has  been 
proved  by  the  author  in  his  paper  £ lj{£) : 

Theorem  1.  Suppose  that  r is  even,  0<r£24,  Let  p be  a prime  sue] 
that  r(p-l)  ~ 0(24) . Set  $ = r(p  -l)/24.  Then 

(2.1)  £ Pr(np  +$)xn  = Pr(S)TRl~xn)r  - pX  xSrT(l~xnPy\ 


By  comparing  coefficients  of  corresponding  powers  of  x,  we  find 


(a. 2}  Pr(np+$)  - P IS)  p (n)  -p 


*-/ 


Pr((n-S )/p),(2) 


fLth  the  convention  that  Pr(x)  is  zero  if  x is  not  an  integer. 


(^) lumbers  in  square  brackets  refer  to  bibliography  at  end  of  paper 

(“)  The  case  r»24  reduces  to  Mordell 1 s identity  for  Ramanujan ? s 
function  'C(n)  • 


We  propose  to  derive  some  more  identities  of  this  type  for 
r b 2,4,6  and  for  various  associated  p ' s , For  this  purpose 
we  will  require  a number -theoretic  lemma,  the  proof  of  which 
is  straightforward  and  will  ‘be  omitted. 

Lemma  1.  Suppose  that  r is  2,4,  or  6.  Let  p "oe  a prime  such 
that  r(p+l)  g,  0(24).  Set  & ~ r(p'--l)/24,  - f CA/f] 

np,  a a 0,1,,,,  . Then  is  the  least  value  of  n for 

which  is  the  sum  of  two  pentagons  (r»2);  the  sum  of  a 
triangle  and  a pentagon  (r~4) ; the  sum  of  two  triangles  (r«6) . 

Lemma  1 leads  easily  to  a proof  that  the  functions  Sr  defined 
in  £l  1 are  constant , under- the  conditions  imposed  above  (^) . 

¥e  S ’ i is  lead  to  the  following  theorem: 

Theorem  2.  With  the  notation  of  lemma  1,  we  have 

( .5)  2 Pplnp  + A)^  - (.pW/S-lry  (1  . /C)!' 

By  comparing  coefficients  of  corresponding  powers  of  x,  we  find 

. • ) Mnp  + A)  = (-  p'  2-1  pp(n/p)  . 

(3)  58  ’ ‘ici  nts  of  the  no  Jo  terms  are  essentially 

»■  */?J  -1.  These  coefficients  are  of  necessity 

aero,  in  view  of  the  formulas  (1-4) -(l.  •*)  . 


We  vi 11  consider 


!> . Deductions  from  :h-  principal  formulas  f 
recursion  formulas  (2,2)  and  (2.4)  more  closely.  It  will  be 
understood  that  a formula  derived  from  a theorem  is  subject 
to  the  hypotheses  of  that  theorem. 


We  see  from  (2.4)  that 
(5.1)  Pp(nf  +A)  - 0. 


(n,p) 


0,1,...),  and 


A+- 


Se thing  n =*  *y-t+i  ~ P/^4  + A ^ 

= ?r{JUt)  , formula  (2.4)  reads  At+i  = (-p) xy  "“1  At.  This 
implies  that  Pp(/^>P  + r(p  -lj/24)  = (-p)^*7~  A/ ^ Pr(/^o  ) 

In  particular,  choosing  UQ~  0,1,2  we  obtain 


(?.2) 


. 3 ) 


3 A) 


,2 *£  , . , 

Pr(r(P  -l)/24)  = l-p) 


/2-l)t 


P r(p  + r(p  -l)/24)  - -r(-P)U/  ’ 

2 .t  Xt  , 

?r(|'P  + r(f  -l)/24)  = r(p-3)/2  .l-p) 


?/2-l) 


The 


Dorai 


recursion  formula  (2 
discuss! on . S e t ting 


.2)  requires  a slightly  more  ela 

T-,  r \ - ^r/2-1 

a = Pr  kv  ) . d a p , n = JJL  , 


i Bia 

\ u — 

A . - ^ Si  L~*  ..e.  » 

■at+2  *‘t+l 

+■  b A 

tion  depends  < 

m the 

equation  - 

ax  4- 

0,1,...),  and  At  = Pr(yt^),  (2.2)  reads 
a o.  The  solution  of  th  is  difference  ©qua 
nature  of  the  roots  of  the  characteristic 
d S3  o.  This  in  turn  depends  on  the  dis- 
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Functions  and  Activities 

The  functions  of  the  National  Bureau  of  Standards  are  set  forth  in  the  Act  of  Congress,  March 
3,  1901,  as  amended  by  Congress  in  Public  Law  619,  1950.  These  include  the  development  and 
maintenance  of  the  national  standards  of  measurement  and  the  provision  of  means  and  methods 
for  making  measurements  consistent  with  these  standards;  the  determination  of  physical  constants 
and  properties  of  materials;  the  development  of  methods  and  instruments  for  testing  materials, 
devices,  and  structures;  advisory  services  to  Government  Agencies  on  scientific  and  technical 
problems;  invention  and  development  of  devices  to  serve  special  needs  of  the  Government;  and  the 
development  of  standard  practices,  codes,  and  specifications.  The  work  includes  basic  and  applied 
research,  development,  engineering,  instrumentation,  testing,  evaluation,  calibration  services,  and 
various  consultation  and  information  services.  A major  portion  of  the  Bureau’s  work  is  performed 
for  other  Government  Agencies,  particularly  the  Department  of  Defense  and  the  Atomic  Energy 
Commission.  The  scope  of  activities  is  suggested  by  the  listing  of  divisions  and  sections  on  the 
inside  of  the  front  cover. 

Reports  and  Publications 

The  results  of  the  Bureau’s  work  take  the  form  of  either  actual  equipment  and  devices  or 
published  papers  and  reports.  Reports  are  issued  to  the  sponsoring  agency  of  a particular  project 
or  program.  Published  papers  appear  either  in  the  Bureau’s  own  series  of  publications  or  in  the 
journals  of  professional  and  scientific  societies.  The  Bureau  itself  publishes  three  monthly  peri- 
odicals, available  from  the  Government  Printing  Office:  The  Journal  of  Research,  which  presents 
complete  papers  reporting  technical  investigations;  the  Technical  News  Bulletin,  which  presents 
summary  and  preliminary  reports  on  work  in  progress;  and  Basic  Radio  Propagation  Predictions, 
which  provides  data  for  determining  the  best  frequencies  to  use  for  radio  communications  throughout 
the  world.  There  are  also  five  series  of  nonperiodical  publications:  The  Applied  Mathematics 
Series,  Circulars,  Handbooks,  Building  Materials  and  Structures  Reports,  and  Miscellaneous 
Publications. 

Information  on  the  Bureau’s  publications  can  be  found  in  NBS  Circular  460,  Publications  of 
the  National  Bureau  of  Standards  ($1.00).  Information  on  calibration  services  and  fees  can  be 
found  in  NBS  Circular  483,  Testing  by  the  National  Bureau  of  Standards  (25  cents).  Both  are 
available  from  the  Government  Printing  Office.  Inquiries  regarding  the  Bureau’s  reports  and 
publications  should  be  addressed  to  the  Office  of  Scientific  Publications,  National  Bureau  of  Stand- 
ards, Washington  25,  D.  C. 
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